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Bounds on the transport of momentum in turbulent shear flow are derived by
variational methods. In particular, variational problems for the turbulent
regimes of plane Couette flow, channel flow, and pipe flow are considered.
The FEuler equations resemble the basic Navier-Stokes equations of motion
in many respects and may serve as model equations for turbulence. Moreover,
the comparison of the upper bound with the experimental values of turbulent
momentum transport shows a rather close similarity. The same fact holds with
respect to other properties when the observed turbulent flow is compared with
the structure of the extremalizing solution of the variational problem. It is
suggested that the instability of the sublayer adjacent to the walls is responsible
for the tendency of the physically realized turbulent flow to approach the pro-
perties of the extremalizing vector field.

1. Introduction

A state of motion of a fluid system, which is too complex to allow a description
of the velocity field in detail, is usually called turbulent. The appropriate des-
cription of a turbulent system under stationary conditions is given by the time
averages of the quantities that can be measured experimentally. The goal of a
theory of turbulence is the deduction of expressions for the time averages from
the basic Navier-Stokes equations of motion. Equations for the time averages
can be obtained by taking the corresponding averages of the basic equations.
Because of the non-linearity of the basic equations, however, it is not possible
to arrive at a complete system of equations for a finite set of time averages. No
analytical technique seems to be available, which is successful in dealing with
the coupling of the infinite set of equations for the time averages without de-
pending on hypothetical assumptions. In addition, the solution of a large but
finite number of these equations has in common with the direct computation
of the turbulent field and subsequent averaging that it involves more information
than is desired as a final result. For this reason a different approach is used in the
present paper, which intends to give bounds for averaged quantities rather than
to determine them exactly. Thus the unavoidable lack of information about the
averaged quantities is expressed in the partial indeterminacy of the theoretical
result.

This approach was used by Howard (1963), when he derived upper bounds
for the heat transport by turbulent convection in a layer heated from below.
The idea of the bounding method is to enlarge the unknown class of turbulent
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solutions of the basic equations by considering, for example, all possible fields
which satisfy the boundary conditions and the energy balance for the turbulent
velocity field. The maximum of the transport among the enlarged class of fields
can be determined by variational techniques and provides an upper bound for
the actual transport by the physically realized turbulent flow. This bound can
be improved, of course, by imposing additional constraints on the class of
admissible fields. A most obvious constraint is the equation of continuity.
Using this constraint, we shall extend the analysis of a previous paper (Busse
1969a), in which bounds on the momentum transport in turbulent shear flow
based solely on the energy balance have been derived. We shall refer to this paper
as (I). The most interesting consequence of the constraint will be the enriched
structure of the extremalizing vector fields.

We shall focus the attention on the Couette case as the simplest example for
momentum transport in turbulent shear flow. After a short recapitulation of
the variational problem in §2 a class of solutions of the corresponding Euler
equations will be derived in §3. The solutions are characterized by a multiple
boundary-layer structure, which has been discussed in detail in the paper
(Busse 19695) on turbulent convection, that we shall refer to as (C). The extrema-
lizing solutions of the Euler equations have physical significance beyond their
purpose of providing the upper bound on the transport of momentum. They
describe a vector field which can be regarded as a model for the physically realized
turbulence, since the Euler equations resemble the equations of motion in many
respects. This model may be used to test various assumptions which have been
introduced in heuristic theories of turbulence. There seems to exist, however,
an even closer relation between the extremalizing solutions and the observed
structure of turbulence, as will be shown in §4. This correspondence has been
demonstrated previously, for the case of turbulent thermal convection, in
Howard’s paper and in (C). The experimental observations of turbulent Couette
flow between parallel plates have been less extensive. Still, a close similarity
can be found in all respects, for which a comparison between the extremalizing
vector field and the observed turbulent flow is possible. §5 and §6 describe the
application of the analogous variational problems to turbulent channel and
pipe flow. The bound on the turbulent transport of momentum leads in this case
to upper bounds for the mean pressure gradient and the friction coefficient at a
given value of Reynolds number. The detailed observations of turbulent pipe
flow provide a basis for a direct comparison between the fluctuating part of the
turbulent velocity field and the extremalizing field. Although the latter is in-
completely represented by the boundary-layer approximation, a correspondence
is demonstrated. The striking property of the realized turbulence to approach
the structure with the quality of optimal transport is discussed in §7. An
explanation of this phenomenon is attempted in terms of the stability of the
laminar sublayer adjacent to the wall.
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2. The variational problem

We consider a homogeneous incompressible fluid between two parallel rigid
plates. The plates are infinitely extended and are moving relative to each other
with the velocity ¥, in the direction denoted by the constant unit vector i.
For the dimensionless description of the problem, we introduce the distance d
of the plates as length scale, and d?/v as scale of the time. v is the kinematic
viscosity of the fluid. The Navier-Stokes equation for the velocity vector V is

VZV—Vp=V-VV+g—tV. (1)

It is convenient to introduce a Cartesian system of co-ordinates with the origin
in the centre between the plates and the z-axisnormal to the plates. The boundary
condition for the vector V is given by

V= TF3Rei, at z= +1%,

with Re = V,d[v. We assume that the velocity and the pressure are bounded
everywhere, and that the average of the velocity components and their products
over planes z = const. exists. This average will be indicated by a bar. Accord-
ingly, the vector V can be separated into two parts:

V=U+9V, with U=V.

We wish to consider turbulent velocity fields under stationary conditions
long after any change in the motion of the plates has occurred. It is reasonable
to define this case by the assumption that the averages over planes z = const.
do not depend on time. This assumption allows the deduction (see (1)) of the
following relation for the fluctuating part ¥ of the velocity field,

|V x 912> + ([0 — (A H|2) — Rei - (aid) = 0. (2)

@ 1s the z-component of ¥, 0 is the component parallel to the plates. The angular
brackets indicate the average over the entire fluid layer. The quantity {i-a®)
can be regarded as the convective part of the momentum transport between the
plates which is added in the case of turbulent flow to the momentum transport
by viscous diffusion corresponding to the laminar solution with ¢ = 0.

The idea of obtaining an upper bound for the convective momentum transport
is to find the maximum of {i-uw) among a class of vector fields v, which is
defined by simple constraints, and which contains all possible solutions ¥ of the
equations of motion. In the folowing, we shall consider the class of vector fields
v satisfying the equation of continuity,

Vv =0, (3)
the boundary condition, v=0, at z= +1, (4)

and the relation {|V x v|2)+ {Juw— {uw)|?)— B{i-uw) = 0 (5)
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with B as given parameter. It has been shown in (I) that x(B) is a monotonic
function and that the variational problem can be formulated in the following
form: Given g > 0, find the minimum B(x) of the functional,

_ AV vEy  (Juw - <uw)®)
BV, p) = “lu-iwd + u-iw):

(6)

among all vector fields v that satisfy the conditions (3) and (4).
Since the functional (6) is homogeneous of degree zero, the amplitude of the
solution v remains undetermined. This fact is used to satisfy relation (5) by

{u-iw) = p (7)

as normalization condition. Since the variational problem does not depend on
this condition, more convenient conditions will be used in the following in
place of (7). In order to eliminate the constraint (3), we introduce a representa-
tion of v in terms of two scalar functions, which holds for arbitrary divergence-

free vector fields, V= Vx(Vxkp)+V x k. (8)

imposing

k is the unit vector in the direction of the z-axis. The Euler equations for the
variables v and ¥ corresponding to an extremum of the variational functional
(6) will be considered in §3.

3. The extremalizing solutions
For the solution of the variational problem, we introduce the hypothesis that
the minimizing functions », ¥ are independent of . The question how far this
hypothesis can be justified will be discussed at the end of this section. For
z-independent ficlds v, the functional (6) becomes similar to the corresponding
functional in the case of thermal convection. The similarity becomes apparent
if P
0 = oy Yy=u-i (9)

is introduced as new variable in place of ¥, and if the positive term

G B 0
< dydz oyt \yoz dy? (10)
is neglected in the denominator of the second term on the right-hand side of
(6). It will be found that the term (10) vanishes automatically for the solutions
of the Ruler equations. Using the above assumptions, we obtain as functional
in place of (6)
(kX VVE[2) (| VOJR) | (D — (wB))P)
g cu) = Z
“Z(v,enu’) = <w0> +u <w0>2 » (]1)

which is closely related to functional in the case of convection with € corres-
ponding to the fluctuating part of the temperature field. Here and in the following
wis used as abbreviation for (62/2y?)v. The dissipation term, that is the denomina-
tor of the first term on the right-hand side of (11), is the only term that depends



Bounds for turbulent shear flow 223

on the ratio D of the amplitudes of » and & when the product of both amplitudes
is kept fixed. It reaches a minimum when D is chosen in such a way that

{Jkx VV20[2)+{|VO|2) = 2{|k x VV2y|2)E (|VO]2)E (12)
holds. Hence the minimum B(ux) of the functional (11) is identical with the
minimum of the modified functional, in which the dissipation term is replaced
according to relation (12). In order to apply the mathematical results to more

general cases of shear flow turbulence, we introduce in addition the positive
function A(z) with the properties

((R(2))*) =1, A(3) = M(—1}) = ko

Thus we obtain, as final version of the variational functional,

(kX VIR (IVORE Gl =By

HBw,0,p)=2 Cwlhy )2 GaOh Y2 (13)
The Couette case considered in §3 and §4 is recovered by specifying
h(z)=hy=1

in the definition (13). Since the functional (13) is homogeneous of degree zero
with respect to v, as well as with respect to 6, it is convenient to impose as
normalization conditions

{wih) =1, <{w?) = {6%). (14)
The form of the functional (13) suggests that the Euler equations have solutions
for which the y- and the z-dependence separate. It can be shown that a solution
of this kind determines the minimum B(g) for sufficiently small values of x.
The Euler equations for 4 = 0 are

2
D1V — 3hB(0) ii 0=o,
oy (15)
DV20 + IhB(0Oyw = 0,
with D denoting the ratio {|k x VV2|2)¥{|V0|2)~%. The eigenvalue problem
described by (15), together with the boundary conditions

w=_-w=0=0 at z= 14§,

is identical with the problem describing the instability of a layer heated from
below with respect to two-dimensional disturbances. The minimum eigenvalue
in the Couette case is B(0) = 2./1708.

For larger values of g, solutions of a more general form have to be considered:
N N
v=oWM= 3 () w,R) e, 0=0V=73 ¢,(y)0,), (16)
n=1 n=1
with ¢,(y) satisfying the relations,

Taa0) = —oddale), B =1
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The dependence on N of the variables ¢,, w, and ¢, has not been denoted ex-
plicitly. It will be indicated by an upper index N when it becomes necessary to
distinguish different solutions. It is proposed that the solution of the variational
problem can be found among the class of solutions (16), which includes the separ-
able solutions corresponding to N = 1. There are some reasons, though no
formal proof, which suggest that this hypothesis is correct. A discussion of the
analogous problem in the convection case can be found in (C).

In the following we shall restrict ourselves to solutions of the form (16) in the
limit of large u, in which case boundary-layer techniques become applicable.
For large p the last term in the definition (13) becomes dominant. It reaches its
minimum when w8 becomes equal to k(z). For a minimum of % this relation
cannot be strictly fulfilled, since the dissipation term diverges owing to the
boundary conditions. Hence a balance between the two terms on the right-hand
side of (13), with w6 tending to zero in a thin boundary layer, will be optimal.
Since the dissipation term reaches a minimum when the derivatives with
respect to the z- and the y-dependence are of the same order, a sequence of
boundary layers, which allow for a transition from the interior scale to the scale
of the boundary layer of w6, can be expected. In the N boundary layers, each of
which is characterized by a scale of the order ==, the functions w,, §, grow
from their boundary values,

w =£w =0 =0 at z= +1
n dz n n -2

On the larger scale of the order y—-1 where w,_,, 6,_, are growing w,, 0,

decay to zero in such a way that the relation,

WO+, 10y % by, (17)

is approximately satisfied throughout all but the N th boundary layer. Physically,
this boundary-layer structure may be interpreted as the mechanism by which
eddies of different scale relieve one another in carrying the transport of momen-
tum. The mathematical description of the structure has to take into account
that the amplitudes of w,, and 6, may be of different orders:

wn(z) = 1u~snwn(€n-—1)
On(z) = ﬂsngn(gn—l)

w,(2) = ﬂ*””@n(én)}
b,(z) = pPe0,,(L,)

The respective boundary-layer co-ordinates ¢, are defined by

} for (3F2) = O(pn-1),

for (4 ¥F2) = O(p=).

L= w3 72).

The above description includes the interior region with r, = 0 and ¢, = # if the
relation (17) is replaced in the case n = 1 by

0,0, = bz) for (3Fz)= O(1). (18)
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Anticipating that the contributions to the integrals {w?) and <{6?) from the
boundary layers do not exceed the contributions from the interior, we require
8, = 0 in accordance with condition (14). We set

= /’anbfw

and assume that b2 aswell as®,,, D, ,, 8, are independent of . Then the boundary

71’ n°

approximation of the functional A is given by

% (™, 0W); ) = 2p1w f‘” (ho— Dy O)2 dEy<, B, B )2
0

3ry—20p—qy [0 N ©0 ~ 1
+4{ 5 e e f Br2dE, + 5 bE panrn-1-2em f TR AL,y + pob3 —<“;1>}’
0 n=1 0

n=1

N £ N o <g2> 3
X{E prnt e f 0,2d¢, + Ebﬂf B2, o+ pob3 = } XA
n=1 0 n=2 0
(19)

. 1t is readily seen, by analogy with the analysis in (C), that the minimum of
% with respect to the exponents of y is reached for

1—4—— 2—4-47n 4~

nSg_gw W= n=yipw =0

r S

n

Accordingly, the g-dependence of the minimum ﬁ(ﬂ) of % can be written in the
form, BOv) = PN ptie—D, (20)

The Euler equations for @,, §, corresponding to an extremum of the functional
(13) with respect to the interior dependence of w and 6 are

D1b3i, — {m(h —,0,)+ %h(F(N) + f :’(ho — By 9N)2d§N)} g, -0,
(21)
D20, — {m(h —®,6)+ %h(F(N) + f Ow(h(, _ By GA,)zdgN)} @, — 0,

where D denotes the ratio between the first and the second square root in (19).
Since the contributions from the boundary layers to {(w?) and {6?) are negligible,
the normalization condition (14) requires that

w3y = <6%).

This condition determines D =1 in accordance with equations (21). Hence

the parameter D can be neglected in the following, where the Kuler equations
for @, 8,, @, and §, are considered:

DY — prw—rn(hy — B, 0, — By 110711 O, =

9” +/,u‘1v“7'n(h0 @ b _wn+15n+1)@n =

b$1,+117)n+1 - ﬂrﬂ_rn(ho —®,0,— @0 0

n+ 1 5n+1 (ho Wy Uy —Wpya 5n+1)wn+1 =0,

15 FLM 41
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Here and in the following discussion, @y, and Gy, are assumed to be re-
placed by zero. In the region where @, , d,., do not vanish, (23) and (21) yield

ho— 0,0, — W10, 1 = pro—rwbl,, for n=1,..,N-1, (24a)

o0

e =0, = o (V= 400 (PO + [ o= 23007 ags)). (2a0)
0
which indicate that the relations (17) and (18) cannot be satisfied exactly. The
corresponding contributions in the second term on the right-hand side of the
expression (13), however, can be neglected in the boundary-layer approximation
(19). Further consequences of equations (22), (23), (24) are

b;zrw;?dgn =f°°9'2d§n, for m=1,..,N, (25a)

0 1]

W21 =02 =hy—0,08, for n=1,...,N-1, (25b)
8, = @, = (W)Y, (250)

The relations (24) can be used to simplify (22). After eliminating &,, we obtain
OV —bAbE B, =0, for n=1,...,N—-1. (26)

This equation holds in the region where ©,8, is growing up to the value A,
As soon as this value is reached, @, _,,8,.,, vanish and relations (24) become in-
correct. Instead, the condition @,8, ~ 1 becomes valid. The identical problem
has been discussed in detail in the convection case (C). For the following we need
only the results
0 e bt 1

b;zf w;;2d§n+bi+1f W2 1dE, = (iﬂ) hy3B8, for m=1,..,N-1,
0

b
0 n (27)

—9 © AN ]' *® 2 h% %
by f WN'dEy = Zf (ko_ngN) dly = (5;) koo

0 0

The constants o and £ have been computed by Howard (1963) and in (C),
o= 0337, 38=1841.
The relations (27), (25) yield
B,000 ) = = 120 (B3, +126 5,

L

b%l,-i»l E 2
T) +2b3h,:, (28)

where k. is defined by
hiho = <[(2)] > = (G}) = <@%).

The right side of (28) reaches a minimum when the derivatives with respect to
the variables b, vanish. This requirement yields N equations,
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with the solutions

by = {436/, o Ry, } "
by = (byhy /4384047 for n=1,..,N—1, (29)

Accordingly, the minimum B®(y) is given by
B¥)(p) = prie-DF(N) = plie—42hy b (2 — 4-N)aVp2, (30)

Before we draw conclusions from this resnlt we return to the hypothesis that
the minimizing solution of the functional (6) is independent of z. In the limit
u— 0, this hypothesis has been established by a proof given by Joseph (1966).
For large values of u, the hypothesis still seems to be correct, though difficult
to prove. It is of interest to consider the vector fields v independent of y. In
this case u, vanishes, since only a positive term would be added to the functional
(6) otherwise. The equation of continuity is satisfied if

. 0 0
u, =1 u—-a—tgb, w——%

is assumed. Solutions analogous to solutions (16) with a multiple boundary-layer
structure can be discussed. We shall restrict our attention to the case N = 1, with

J .
5& .
Assuming that the boundary-layer thickness is of the order x—, and that «
is of the order x~9, the functional (6) yields terms of the order

lu3r—q’ qu+r, Iu3q—r’ and /Ll_r,

which indicate that the functional will grow at least like . This consideration
can be extended to the case N > 1 with the result that the exponents of x of
B(p) are always larger in the y-independent case than in the z-independent case.
Since the general case can be regarded as a combination of both cases, it seems
unlikely that the absolute minimum of the functional (6) at given value is reached
by z-dependent solutions.

Another reason suggesting the validity of the hypothesis is the fact that the
absolute minimum among the class (30) of relative minima is given, in limit

-0, b a
» y Bo)p) = hE43(038) ud, (31)

which shows the same dependence with respect to u as the solution of the varia-
tional problem without the constraint of the continuity equation described in
(I). In the Couette case, the exact solution of this problem yields

Bypu) = (2u)t8, for p—>o0,
which differs from the value of (31) for &, = b, = 1 only by a factor of 0-38.

15-2
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4. The bound on the momentum transport

The functions B™(u) are asymptotic expressions for the exact minima B™(y)
in the case when g tends to infinity. Because of the monotonic dependence of
B™(y) on p, it is reasonable to assume that the boundary-layer representation
B™(y) approximates the exact dependence closely at large, but finite, values of

10? | b
4 B B
—
Lk . A
LY
& v#’ -
= | &
.'0*
10" = 3 -
- + -
o 3 ]
N ]
L I L
102 10° 104 108

— Re

Ficure 1. The upper bound for the momentum transport M by turbulent Couette flow.
The bound for M/Re—1 has been plotted in comparison with the experimental values
by Reichardt (1959) for water ( X )} and for air (+ ). The line labelled I describes the asymp-
totic bound derived without the constraint of the equation of continuity.

i. To obtain an upper bound for the momentum transport M in turbulent
Couette flow, the inverse function Z™(B) of ﬁ(N)(y) has to be considered. The
maximum of Z™(Re) provides the upper bound at a given value of Re,

M = Re+{0-i®) < Re+ maxy(i®™(Re)).

Figure 1 shows that the upper bound is given by one after the other of the func-
tions Z(Re), starting with Z®(Re) at low values of Re. The comparison with
the experimental data by Reichardt (1959) shows that the turbulent momentum
transport amounts only to about i4; of the upper bound, yet it exhibits a similar
dependence on the Reynolds number Re.

The similarity between the solution of the variational problem and the
observed turbulent flow is even more pronounced in other aspects of the problem.
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It is interesting, for instance, to calculate the profile of the mean flow corres-
ponding to the extremalizing solution in the interior,

aUy
dz

— R FV - YY) - B ). (32)

According to relation (24b), the right side isindependent of z in the Couette case,
and yields — 1B*)(x) as 4 tends to infinity. Hence, the profile of the extremaliz-
ing solution has a constant shear, which amounts to } of the shear of the laminar
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Ficure 2. The mean velocity in plane Couette flow measured by Reichardt (1959) at
Re = 1200 (O), Re = 2900 (x ), Re = 5900 (+), and Re = 34000 (A). The straight line
describes the asymptotic profile corresponding to the extremalizing solution of the varia-
tional problem.

solution. Since it seems physically reasonable to assume that the turbulent flow
nearly wipes out the shear in the interior, it is surprising to find that the measure-
ments of Reichardt (1959) reflect the ‘}-law’ as shown in figure 2. In this respect
the Couette case differs from the case of thermal convection, in which the mean
temperature gradient becomes vanishingly small in the interior compared with
the temperature difference applied at the boundaries.

The comparison with respect to the fluctuating velocity field is more difficult
mainly because of the incomplete description by the boundary-layer method.

15-3



230 F. H. Busse

The fact that the minimizing vector field is y-independent corresponds to the
observation (Townsend 1956) that the turbulent momentum transport is
carried predominantly by wall-attached eddies with a streamwise axis. The

Freure 3. Qualitative sketch of the boundary-layer region of the vector field yielding
maximurm transport of momentum.

structure of the minimizing vector field has been sketched in figure 3. The thick-
nesses of subsequent boundary layers differ always by a factor of about 4,
which becomes the exact factor in the asymptotic case of 4 tending to infinity.
In this case, the minimum among the functions B™ () is determined by

43 = (Bopu)} (o] B)R By 43P, (33)
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Accordingly the following expressions are obtained for the thicknesses d,
and the wave-numbers «,, of the boundary layers in the limit 4 - co:

d, = pm(b,b2 )5 >h,/p4 for n=1,..,N-1,
dy = pw(byhe) 3 > hy(o[f)}]f4N4, (34)
a, = pini?p, —>4v+3ph,, for n=1,...,N.

The discussion of the structure of the extremalizing field will be resumed in
§6, where turbulent pipe flow is considered, in which case experimental observa-
tions offer additional possibilities for a comparison.

5. Turbulent channel flow

In the case when the two plates considered in §2 are at rest, and the flow
is driven by a constant pressure gradient — 4,1, the relation that can be derived
in place of relation (2) is

(V x 92y + {(0D)2y — (0D Y2 — A4 - iddz) = 0. (35)

The symmetry of the problem suggests that (G#®) is vanishing. Otherwise, the
equation for the mean flow

U= 8d— 0h)— Az (36)

would lead to an asymmetric profile. For simplicity we shall neglect the term
{0®) in the following discussion. When <{fi#) is retained the analysis will yield
the same results, with {(uw) = 0 as a property of the extremalizing solutions.

For the Reynolds number Re, which is defined as the flow rate (i-U) in
the direction opposite to the pressure gradient, the relation

Re = (U)-i= —-<z%U>-i=T1—2—Ap—(ﬁz®z>-i (37)

holds. In the previous analysis of channel flow in (I), the minimum of a functional
corresponding to the pressure gradient 4, was considered as a function of the
parameter g = {u-iwz). The present variational problem differs in that g
corresponds to {usw,/12z), and in that x4 has been subtracted in the definition
of the functional:

Given g > 0 find the minimum R(x) of the functional

_ KV xv® {(uw)?) —(u-jw,/122)?
AV = A iy1zany AT quTwyizay

(38)

among all vector fields v that satisfy conditions (3), (4).

R(u) provides a lower bound for /12 Re at a given value g of {i-09,122),
according to relations (35) and (37). This lower bound holds also at a given value
A, of P(u) = \J12(R(u) + p), since it can be shown in the usual way that R(ux),
like P(u), is a positive monotonically increasing function of x4, with the property
that the inverse function exists.
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The definition (38) of the variational functional has the advantage that the
analysis of §3 can be applied directly. As in the Couette case, we introduce
the hypothesis that the minimum of (38) is reached for solutions v with vanishing
z-dependence. Using the representation (8), (9) and the relation (12), and assum-
ing u,w = 0 as in the Couette case, we can rewrite Z(v;u) in the form

(K x VV20[258 - ([VOIRYE (B — 1224wl (12 2)))
{wb J12z) T {wh\122)? ’

which is identical with the definition (13) in the special case k(z) = ,/12z. The
fact that we have assumed A(}) = A(—%) in §3 does not cause any difficulty,
since the analysis applies to the present case when 6 is replaced by — 6 for z < 0.
A minor problem arises from the fact that the solution (25¢) for @, 4,,

R, 0;p) = 2

@ = |12z}, 6 = x[12¢}, (39)

leads to a divergent contribution in the dissipation term. This divergence has
an artificial character, because the z-dependence of @, and 8, in the interior has
been neglected in the boundary-layer approximation (19), from which the solu-
tion (39) results. By introducing a fourth-order polynomial for @, in the neigh-
bourhood of z = 0, and assuming , = ,/122/i,, it can be demonstrated that the
additional contribution in the dissipation term is indeed small compared to
b3p%. In this connexion, it can also be shown that the fact that @, enters the
dissipation term with higher derivatives than 8, causes a preference of J, rather
than @, as antisymmetric function in 2z, which justifies the above choice. Accord-
ingly, the class B™(u) of the minima of % for solutions of the form (16) is given
by the expression (30), with Ay =./3, by = 3. We close the discussion of tur-
bulent channel flow at this point and turn to the closely related case of pipe flow,
for which more extensive experimental observations are available for the com-
parison with the solution of the variational problem.

6. Turbulent pipe flow

For the discussion of turbulent flow in a pipe we introduce a cylindrical
system of co-ordinates (r, ¢, «), and assume that the inner surface of the pipe
is given by r = 1. The equations corresponding to (35) and (36) in the case of
channel flow are

IV X V) +{(8,5)2 + (8,0,)2) — $4,,(8,0,7) = 0,

d l—r d

. (40)
Zi_r U ’ rU¢, — Uz = U,7 ~fA r.

The average indicated by a bar is taken over surfaces r = const., the angular
brackets indicate the average over the infinite cylindrical volume contained by
the pipe. 4, is the absolute value of the pressure gradient in the direction opposite
to the x co-ordinate. The Reynolds number is defined by

Re=<(U) = — f ; g Uydr = 34, — 15,0,7>.
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The following variational problem provides a lower bound for Ee at a given value
poof (B, 0,71
Determine the minimum P(u) of the functional

IV x v|2) 24 (0,04)2) — {B,0,4/27)2
v = <v,v$42r>“‘ <v,v'i¢2r>2

at a fixed value of g among all vector fields v that vanish at » = 1 and satisfy the
equation of continuity V-v = 0. The factor ,/2 has been introduced to give
{(4/27)%) = 1. P(u) provides the lower bound for /8 Re at a given value of {r9,,,
or at given value of 4,, as in the case of channel flow. For the solution of the
variational problem, the hypothesis is used again that the absolute minimum
of the functional (41) is reached by vector fields vindependent of z. In the present
case, however, the hypothesis is not correct for all values of u, as has been shown
by Joseph & Carmi (1969), who considered the case @ = 0. Yet in the same paper
it was also shown that the exact solution depends only slightly on z. Hence,
we expect that the z-independent solution will approximate the absolute
minimum of the functional (41) closely, if not exactly. We use the hypothesis to
eliminate the equation of continuity by the introduction of the new variables
v, G:

(41)

0% 0%
rZ—E&Tz’Uzw, ’U¢:a—¢'5;’r7)

Asin the preceding cases, it is anticipated that v,v, vanishes. Using the following
necessary condition for a minimum of the dissipation term,

Vvt = <ty (3 50) + (20) )
]

we consider in place of (41) the functional,

P0,0: ) = 2<(Lrv)2>%<(<;a:gi/2)1 + ( 9 5)2>’1’+ﬂ B —<i2751;;6—;427>)2>’

which is homogeneous of degree zero with respect to v as well as to 6. L is used as
abbreviation for

10,0 180

ror or r2o¢?)og’

The solution of the variational problem will be assumed in the form (16),
with the difference that r replaces z, and that ¢, is a function of ¢ in the present
case, satisfying the relation

v, = 0.

(42)

d2
Jqﬁ ¢n = - aigzsn‘
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Apart from the fact that a different geometry is considered, the functional (42)
is identical with the functional (13) if A(z) is identified with ,/27. The effects of
the geometry become less important when the boundary-layer approximation,
with =1 —r)yn for n=1,...,N

asboundary-layer co-ordinates, is considered. The boundary-layer approximation
& of the functional (42) is described by the expression (19) if the interior parts of

the dissipation terms, LTS, pab2(2,

are replaced by PO D2y, pnb{Gir2),
respectively.
Thus the analysis of § 3 can be applied directly in the present case by specifying
ho = N2, by =2. (43)

In doing so, we have regarded the wave-number «, as a continuous parameter,
although only integer values are admissible. More detailed calculations show
that the functions 13<N’(,u), given by the expression (30) with the specification
(43), change by a negligible amount if the analysis is limited to integer values «,,.
This fact holds, even though the interior wave-number «, of the extremalizing
solution is only two, as the relations (34), (43) suggest.

The experimental observations are often plotted in terms of the friction co-
efficient A = 4-4,- Re™2. At a given Reynolds number, the inverse function
1(P) of P(x) provides an upper bound for A,

32  8y2u(J8Re)

A< Re Re?

(44)

The upper bound is given throughout the region of interest by the functions
AN(P) with rather high values of IV for which the asymptotic formula (31) holds.
Accordingly, the upper bound for A is essentially constant, like the upper bound
derived without the constraint of the continuity equation (Busse 1968). For a
comparison, experimental data by Nikuradse (1932) are shown in figure 4.
Since the bounds have been derived under the assumption of large u, the first
term on the right side of (44) has been neglected in the drawing.

Extensive data about the structure of turbulent pipe flow are available and
invite a comparison with the structure of the minimizing solution of the varia-
tional problem. Because of the incomplete representation of this solution by the
boundary-layer theory, it is difficult to obtain more than a qualitative comparison.
Asymptotically the minimizing solution has the property that it depends only
on u* near the wall. This behaviour is reflected in the wall-proximity law of
Prandtl, which states that the turbulent flow becomes independent of the
Reynolds number if the friction velocity U, and the length U, /v are used as scales
for the velocity and the distance from the wall. In the dimensionless description
used in this paper, the friction velocity U, is defined by

0 =(_d_Ux

3
. o r=1) = (34,)} ~ 258,927}, (45)
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where the last equality is approached in the case of fully developed turbulence
when the transport of momentum is carried almost entirely by the turbulent
motions. In figure 5 the asymptotic boundary-layer dependence of 0, given by

0,(z) = pr """ Jhy (b—gf—l)y@(dgl z) >45O 2dy V) Jhy, for m=1,...,N-1,

k(2

On(z) = pt™ 7" (h3fby)¥ O (2dy?) ~ (83h3B0)E O (ady?)

A

01

0-01'

T T T T T
10* 10% 10¢ 10° 108

FiGURE 4. The upper bound for the friction eoefficient A of turbulent pipe flow in compari-
son with experimental data by Nikuradse (1932). The line labelled T denotes the asymptotic
bound derived without the constraint of the continuity equation.

has been plotted together with the observed similarity dependence for the stream-
wise component of the fluctuating velocity field. The functions ® and © have
been taken from (C) and from Howard’s paper. The velocity component normal
to the wall shows a similar correspondence. Because of the lack of correlation,
the r.m.s. values of the turbulent velocity field normalized by U, have much
higher amplitudes than w and 6 in the corresponding normalization by

= (v2p)t
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In describing the structure of turbulent pipe flow, Laufer (1955) arrives at
the following conclusions:

(i) Throughout the whole cross-section, with the exception of the centre
region, the rate of energy production at a point is approximately balanced by the
rate of energy dissipation.

-
2

; S
= / \\ﬂa -

F——

-

—1

<D 0N -2
O~
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D
L

! 1 1 i 1. 1 L 1] |
0 20 40 . 60 80
- (1-nU,

Ficure 5. The boundary layer dependence of extremalizing field 6 = 20 In comparison

with the r.n.s. value of the fluctuations of the streamwise velocity component D/ U
measured by Laufer (1955).

(ii) All the various energy rates reach a sharp maximum near the edge of the
laminar sublayer.

These statements hold equally for the minimizing solution of the variational
problem. The first statement corresponds to the balance described by the
Euler equations, the second statement reflects the dominating contribution
in the functional from the Nth boundary layer. A closer inspection shows
that the dissipation rate of the fluctuating velocity field is inversely propor-
tional to the distance from the wall, like the contributions of the boundary
layers to the dissipation term in the functional (19). The observed fact that
the total dissipation of the fluctuating velocity field is approximately equal to
the dissipation of the mean flow corresponds to the basic balance between the
two terms of the functional (42).

The profile of the mean flow does not show a similarity between the realized
turbulence and the minimizing solution as clearly as in the Couette case. The
exact dependence on r will be strongly influenced by the higher-order corrections,
which have been neglected in the boundary-layer approximation. We mention
in particular the removal of the divergence of (d/dr)d,, (d2/dr?)®, at the centre,
which was discussed in the analogous case of channel flow. According to (24b),
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(25¢) and (40}, a parabolic profile for the minimizing solution is obtained asymp-
totically:
au™
dr

= lu,(w(N)@(N) —\/2r<w(N)0(N)&/2r>)—\/ZTP(N)(/L)
o 2PN — U,

This profile joins the boundary close to the wall at # of its maximal value at
the pipe centre, which is about the same region as in the case of the realized
turbulence. In the case of channel flow, the value 2 is replaced by %.
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Ficure 6. R.m.s. values of the fluctuating component of the velocity in streamwise

direction, ¥,/ l},,, and normal to the wall, @/ I}T, measured by Laufer (1955) at
Re = 2:5x 10 +) and Re = 2-5 x 10°( x ). For comparison the r.m.s. values of the tem-
perature fluctuations § and of the vertical velocity component @, which were measured
in turbulent thermal convection by Deardorff & Willis at Re = 2-5 x 10%(Q) and
Re = 1-0 x 10?([]), are plotted in units resulting from the correspondence of the varia-
tional problems.

We have pointed out at several instances the similarity between the variational
problem in the case of thermal convection and in the case of shear flow. If in
fact the physically realized turbulence approaches the structure of optimal trans-
port, a correspondence between the data of turbulent convection and of turbulent
shear flow should exist. To exhibit this correspondence, measurements by Dear-
dorff & Willis (1967) of the r.m.s. values of the fluctuating temperature field &
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and of the vertical velocity field @ in turbulent convection have been plotted in
figure 6 on top of a figure taken from Laufer’s paper. No arbitrary adjustment
of the scales has been assumed.

In the present usage, the parameter x corresponds to U2/ /2 according to re-
lation (45), while the analogous parameter x© in the variational problem of
(C) corresponds to the dimensionless turbulent heat transport H,. Accordingly,
the characteristic boundary-layer scale dy = (436/0)t/U, defined by the asymp-
totic expressions (33), (34) has been identified with the corresponding scale
d® = (B435/H,)} given by the asymptotic extremalizing solution in the case of
thermal convection. Similarly, the scales for the amplitudes of § and @ have
been determined. Although the experimental scatter of the data in thermal
convection is rather high, it can be concluded from figure 6, first, that a simi-
larity law for turbulent convection is valid in analogy to Prandtl’s law of the
wallin turbulent shear flow, and secondly, that both similarity laws are essentially
identical, if the units suggested by the extremalizing transport mechanism are
used.

7. The limiting stability property of turbulent shear flow

The similarity, which was found in the comparison between the observed struc-
ture of turbulence and the minimizing solution of the variational problem,
suggests that the realized turbulent shear flow represents the flow with maximum
momentum transport, or with maximum dissipation at a given Reynolds number
among all possible solutions of the Navier—Stokes equations of motion. We do
not think that this fact indicates the existence of an extremum principle for
turbulent flow which is valid in an exact sense. The tendency towards the pro-
perty of maximum momentum transport seems rather to be the consequence
of the instability of the laminar sublayer, as the following consideration suggests:

Alaminar flow usually becomes unstable if the characteristic Reynolds number
exceeds a certain critical value E,. If a criterion of this kind is applied to the
laminar sublayer adjacent to the wall in which the momentum transport M
is carried by viscous stresses, we obtain

Reé 2 R,

as the criterion for instability. & denotes the thickness of the sublayer, Re
can be used as an estimate of the velocity change across the sublayer. Since §
is related to the momentum transport, M =z Re/d, the criterion for instability
can be rewritten in the form, Re? 2 R

Accordingly, the laminar sublayer will be unstable unless the momentum trans-
port grows like Re2. On the other hand, we have found that M can not grow
stronger than proportional to Ke? asymptotically. Thus, the momentum trans-
port is forced to grow like Re2, which appears to be in agreement with the experi-
mental observation in the Couette case. The measurements of turbulent pipe
flow seem to indicate a logarithmic decrease of the friction coefficient in place of a
constant asymptotic value. Since the velocity of the mean flow just outside the
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laminar sublayer is rather small compared to Re, the above instability mech-
anism may still be relevant without foreing the momentum transport to approach
the dependence of the upper bound.

The idea that turbulent flow can be characterized by the limitations of an
optimal transport mechanism on one hand, and by a stability criterion on the
other, is related to earlier theories of turbulence. We mention in particular
Malkus’ (1956) theory, which was successful in deriving a number of features of
turbulent shear flow from the hypothesis that turbulence can be characterized
by a maximum dissipation at a given Reynolds number. In place of a relation of
the form (2) Malkus has used the following two additional hypotheses as con-
straints: first, that the mean flow is stable in terms of the linear stability analysis
described by the Orr—Sommerfeld equation, and secondly, that the smallest
scale of motion corresponds to marginally stable disturbances of the mean flow.
The latter hypothesis is related to the above interpretation of turbulent shear
flow in terms of the stability of the viscous sublayer. The first hypothesis,
however, is not reflected in the structure of the extremalizing field which exhibits
profiles of the mean flow of the same form as the profile of the unstable laminar
flow.

The extremalizing field of the variational problem shows, according to (34),
an obvious relation to Prandtl’s mixing-length theory, which states that the
characteristic scale of turbulent eddies increases proportional to the distance
from the boundary. An essential difference, however, is the fact that the struec-
ture with the property of optimal transport has discrete scales. These discrete
scales may be present in turbulent shear flow, although it will be difficult to
demonstrate their existence experimentally. In the case of turbulent thermal
convection, experimental evidence for discrete scales has been found by Dear-
dorff & Willis (1967).

The experiments on thermal convection exhibit yet another related pheno-
menon, namely, discrete transitions in the dependence of the heat transport on
the Rayleigh number. In the regime of turbulent convection, the transitions were
discovered by Malkus (1954). The transitions parallel qualitatively the transi-
tions by which the solutions of the Euler equations ™), ™ take turns in providing
the upper bound for the heat transport. The close relation between the turbulent
processes of heat and momentum transport suggests that the phenomenon of
discrete transitions corresponding to distinet instabilities of the laminar sub-
layer exists in turbulent shear flow, too.

8. Conclusion

The bounds that have been derived in the preceding sections depend strongly
on the region adjacent to the rigid boundary. Neglecting the effects of the
geometry of the interior, we may conclude that the exchange of momentum
between turbulent shear flow and a rigid boundary grows asymptotically pro-
portional to the square of the Reynolds number or less. This conclusion implies
the negative result that the upper bound on the momentum transport obtained
from the variational problem, without the constraint of the continuity equation



240 F. H. Busse

or by even simpler estimates, cannot easily be improved upon with respect to its
qualitative dependence. Quantitatively, the continuity equation leads to an
improvement by a factor of about 7 of the result without this equation. The most
interesting consequence of the equation of continuity as constraint in the varia-
tional problem is the fact that the extremalizing field exhibits a cascade of
discrete scales depending on the distance from the boundary layer. The simi-
larity between the variational problems for turbulent shear flow and for tur-
bulent thermal convection suggests that the multiple boundary-layer structure
is a common feature of the vector fields extremalizing the turbulent transport
of a quantity from a rigid boundary. The comparison with the experimental
observations indicates in all cases considered so far that the realized turbulent
flow tends to approach the structure of the extremalizing transport mechanism.
The extremalizing vector field will show an even closer relation to the observed
turbulence when additional constraints derived from the basic equations are
introduced in the variational problem. Finally, the realized turbulent low may
be approached in this process, although the Euler equations are likely to become
almost as difficult to solve as the original equations of motion.

A helpful suggestion made by one of the referees is gratefully acknowledged.

REFERENCES

Bussg, F. H. 1968 Z. angew. Math. Mech. 48, T 187.

Bussk, F. H. 1969a Z. angew. Math. Phys. 20, 1.

Bussg, F. H. 19696 J. Fluid Mech. 37, 457.

DeARDORFF, J. W. & WiLLis, G. E. 1967 J. Fluid Mech. 28, 675.
Howarp, L. N. 1963 J. Fluid Mech. 17, 405.

JoserH, D. D. 1966 Arch. Rat. Mech. Anal. 22, 163.

JoserH, D. D. & CarMi, S. 1969 Quart. J. Appl. Math. 26, 575.
LAUFER, J. 1955 N.A.C.A. Rep. 1174.

Maikus, W. V. R. 1954 Proc. Roy. Soc. A 225, 185.

Marxus, W. V. R. 19566 J. Fluid Mech. 1, 521.

Ni1gURADSE, J. 1932 Forsch. Arb. Ing.- Wes. 356.

Rexcmarpr, H. 1959 Mqtt. Max-Planck-Institut fir Stromungsforschung, Gittingen, 22.

TowNsEND, A, A. 1956 The Structure of Turbulent Shear Flow. Cambridge University
Press.



